Abstract. For a restricted Lie algebra L, the conditions under which its restricted enveloping algebra u(L) is semiperfect are investigated. Moreover, it is proved that u(L) is left (or right) perfect if and only if L is finite-dimensional.
Introduction
Let R be a ring with unity and denote by J (R) the Jacobson radical of R. We recall that R is said to be semiperfect if R/J (R) is Artinian and idempotents of R/J (R) can be lifted to R. Semiperfect rings, introduced by H. Bass in [1] , turn out to be a significant class of rings from the viewpoint of homological algebra and representation theory, since they are precisely the rings R for which all finitely generated left or right R-modules have a projective cover (see e.g. [11] , Chapter 8, §24). Clearly, one sided Artinian rings and local rings are semiperfect.
Recall that R is called left perfect if all left R-modules have projective covers. Right perfect rings are defined in an analogous way. The pioneering work on perfect rings was carried out by H. Bass in 1960 and most of the main characterizations of these rings are contained in his celebrated paper [1] . In particular, it follows from Bass' results that the following conditions are equivalent: R is left perfect; every flat left R-module is projective; R/J (R) is Artinian and for every sequence {a i } in J (R) there exists an integer n such that a 1 a 2 · · · a n = 0; R satisfies the descending chain condition on principal right ideals. It should be mentioned that, while semiperfectness is a left-right symmetric property, there exist rings which are perfect on one side but not on the other (see [1] , Example 5 on page 476). However, right and left perfectness are clearly equivalent conditions provided R has a nontrivial involution. For instance, this is the case when R is a group algebra or an (ordinary or restricted) enveloping algebra.
Left perfect group rings were characterized by G. Renault in [17] and, independently, by S. M. Woods in [23] . It turns out that, for a group G and a field F, the group algebra FG is left perfect if and only if G is finite. Subsequently, a generalization of these results to semigroup rings has been carried out by J. Okniński in [14] . On the other hand, although semiperfect group algebras have been also investigated in several papers (see e.g. [3, 6, 22, 24] ), a full characterization is not available yet. The best partial result in this direction was obtained by J.M. Goursaud in [6] where, under the assumption that the group G is locally finite, it is proved that FG is semiperfect if and only if either char F = 0 and G is finite or char F = p > 0 and G has a normal p-group of finite index. In this paper, we consider these problems in the setting of enveloping algebras. For a restricted Lie algebra L over a field F of characteristic p > 0, we denote by u(L) the restricted enveloping algebra of L and by L ′ the derived subalgebra of L. Recall that a subset S of L is said to be p-nil if every element of S is p-nilpotent. We first provide some necessary and sufficient conditions on L such that u(L) is semiperfect. We show that if u(L) is semiperfect, then every element of L is p-algebraic and L does not contain any infinite-dimensional torus. Under the assumptions that F is perfect and L ′ is p-nil we prove that for a locally finite-dimensional restricted Lie algebra L, u(L) is semiperfect if and only if L contains a p-nil restricted ideal of finite codimension. We construct an infinite-dimensional abelian restricted Lie algebra L over an imperfect field K such that u(L) is semiperfect and L has no nonzero p-nil restricted ideal. Hence, the perfectness assumption on the ground field is necessary. It turns out that the structure of semiperfect ordinary enveloping algebras U (L) of arbitrary Lie algebras L is trivial and also quickly discussed.
In the last section, we prove that u(L) is left (or right) perfect if and only if L is finitedimensional, which represents the Lie-theoretic analogue of the aforementioned result of Renault and Woods.
Semiperfectness
Throughout the paper, F denotes a field. Of course, every field is a left and right perfect ring. To avoid any possible confusion, we recall that F is called a perfect field if every finite extension of F is separable.
It would be an interesting problem to characterize perfect and semiperfect Hopf algebras. Our first result, which we actually use later in the setting of restricted enveloping algebras, is a step towards this goal. Recall that an element Λ in a Hopf algebra H with comultiplication ∆ and counit ǫ is called a left integral if hΛ = ǫ(h)Λ, for every h ∈ H. Right integrals are defined analogously. Moreover, an element x of H is called group-like if x = 0 and ∆(x) = x ⊗ x and primitive if ∆(x) = 1 ⊗ x + x ⊗ 1. [13] , left and right integrals of H i coincide and form a 1-dimensional ideal of H i which is not contained in ker ǫ i , where ǫ i denotes the counit of H i . Therefore we can find h i ∈ ker ǫ i such that (1 + h i )x = 0 = x(1 + h i ), for every x ∈ ker ǫ i . Note that for every i ≤ j one has (1 + h j )(1 + h i ) = 1 + h j = (1 + h i )(1 + h j ). As a consequence, we have a chain
of left ideals ofH. Now, since H is semiperfect, the algebraH is left Artinian and so we must have
for some n. Therefore, as the images of 1 + h n and 1 + h n+1 inH are commuting idempotents generating the same left ideal, they must coincide. Thus we have h n+1 −h n ∈ J (H). But we have
We deduce that h n+1 = h n , because J (H) is free of nonzero idempotents. In particular, 1 + h n+1 ∈ H n , a contradiction, yielding the first part of the theorem. Now, if H is generated as an algebra by its group-like and primitive elements, then H is clearly pointed. Let x be a group-like or a primitive element of H and suppose, by contradiction, that x is trascendental. Set x 0 = x and define recursively x i+1 = x i − x 2 i for every n ≥ 0. Since H/J (H) is (right) Artinian, we deduce from Lemma 3.1 in [24] that there exists a positive integer m such that 1 − x m has a right inverse y in H. Let B denote the Hopf subalgebra of H generated by x, so that we have 1 − x m ∈ B. Then B is either the polynomial algebra F[x] (when x is primitive) or the Laurent polynomial algebra
(when x is group-like). In particular, B has no nonzero zero-divisors. Therefore, as H is pointed, it follows from the main theorem in [16] that H is a free left B-module, say H = ⊕ h∈S Bh. Note that by the proof of main theorem in [16] , we can assume that 1 ∈ S. Now we can deduce that y is contained in B. But the units of F[x] are non-zero elements of F, and units of F [[x] ] are of the form αx k , where 0 = α ∈ F and k is an integer. This yields a contradiction, completing the proof. ✷ As group algebras are obviously generated by group-like elements, we remark that Theorem 2.1 generalizes Theorem 3.2 in [24] .
Let L be a restricted Lie algebra over a field of characteristic p > 0. For S ⊆ L we denote by S p the restricted subalgebra generated by S. An element x of L is said to be p-algebraic if dim x p < ∞ and p-transcendental, otherwise. As ordinary and restricted enveloping algebras are generated by primitive elements, Theorem 2.1 yields the following:
Proof. In view of Theorem 2.1, L is clearly p-algebraic. Now suppose, by contradiction, that L contains an infinite dimensional torus T . Clearly, T gives rise to an infinite chain [7] , we see that u(T i ) is a semisimple Hopf subalgebra of u(L) for every i, which contradicts Theorem 2.1. ✷ Also, as the non-zero elements of an arbitrary Lie algebra L are transcendental in the ordinary enveloping algebra U (L) of L, from Theorem 2.1 we deduce that U (L) is semiperfect only in the trivial case: Remark 2.4. As the trivial module of an ordinary enveloping algebra U (L) is not projective unless L = 0, one can also prove Corollary 2.3 by using the fact that U (L) is semiprimitive (see Theorem 8.3.14 in [19] ) and so only projective U (L)-modules have projective covers (see e.g. [19] , Exercise 20 on page 326).
Let X be a basis of L and u ∈ u(L). Then, by the Poincaré-Birkhoff-Witt (PBW) Theorem for restricted Lie algebras (see [21] , Theorem 2.5.1), there exists a finite subset of X, denoted by Supp(u), such that u can be written as a linear combination of PBW monomials in the elements of Supp(u) only. We recall that a restricted Lie algebra is said to be locally finite-dimensional if all of its finitely generated restricted subalgebras are finite-dimensional.
is finite and L is locally finite-dimensional, we have that H = Supp(u) p is finite-dimensional. Since u ∈ H, we deduce that u(L) is algebraic and the assertion follows from [9, §1.10]. The second part is clear as idempotents can be always lifted modulo a nil ideal. ✷
We need the following result for later use, however we were unable to find a reference for it and as such we include a proof for completeness. Proposition 2.6. Let R be a ring and N a nil ideal of R. If R/N is semiperfect, then so is R.
Since R/N is Artinian, it follows that R/J (R) is Artinian. Now, let e ∈ R such that the image of e modulo J (R) is an idempotent in R/J (R). Since R/N is semiperfect, there exists f ∈ R such that the image of f modulo N is an idempotent in R/N and e − f ∈ J (R). But N is nil, and it is well known that f can be lifted to an idempotent of R, that is, there exists g ∈ R such that f − g ∈ N ⊆J (R).
Notice that e − g ∈ J (R) and we are done. ✷ Theorem 2.7. Let L be a locally finite-dimensional restricted Lie algebra over a field of
Proof. Let P be a p-nil restricted ideal of finite codimension. We first prove that the ideal I = P u(L) is nil. To do so, let u ∈ I. Then u = n i p i u i , where each p i ∈ P and each u i ∈ u(L). Let B be a basis of L containing a basis of P . Note that there exists a finite subset S of B such that all the elements p i , u i are in u(H), where H is the restricted subalgebra of L generated by S. Now, let Q be the restricted ideal of H generated by all the p i 's. Then Q ⊆ P ∩ H, and so we see that Q is a finite-dimensional p-nilpotent restricted ideal of H. Note that Qu(H) is associative nilpotent. Since u ∈ Qu(H), u is nilpotent and as such I is nil. Now, note that
Since L/P is finite-dimensional, clearly u(L/P ) is semiperfect. Hence, u(L)/I is semiperfect and it follows from Proposition 2.6 that u(L) is semiperfect. ✷ We remark that an argument similar to the one used in Theorem 2.7 yields an alternative and shorter proof of the analogous result for group rings obtained in [24] .
For a group algebra FG of a locally finite group G over a field F of characteristic p > 0, it is shown by J.M. Goursaud (see [6] 
Proof. First we show that the associative ideal
. Now let H be the restricted subalgebra generated by all the x i 's and all the Supp(u i )'s. Note that H is finite-dimensional. Let N be the restricted ideal of H generated by the x i 's. Since N ⊆O p (L), we deduce that N is finite-dimensional and p-nilpotent. It follows that N u(H) is nilpotent. In particular, as u ∈ N u(H), we deduce that u is nilpotent. Therefore, I is a nil ideal and as such I⊆J (u(L)). We now claim that
is free of nonzero p-nilpotent elements. We claim that u(L ) ∼ = u(L)/I is reduced. Let u be a nilpotent element of u(L ). There exist elements x 1 , . . . , x n in L that are linearly independent modulo O p (L) such that
Thus, u p r = 0 for some positive integer r. Hence, by the PBW Theorem, the elements x
Since F is a perfect field, we get
But L has no nonzero p-nilpotent elements. We deduce that β
, which contradicts the fact that x 1 , . . . , x n are linearly independent modulo O p (L). Hence, u(L ) is reduced. On the other hand, by Proposition 2.5, J (u(L )) is nil. We deduce that J (u(L )) = 0. Thus, J (u(L)) ⊆ I, as claimed. At this stage, as u( It is worth mentioning that, in general, the properties of perfectness or semiperfectness of an algebra are not preserved under extensions of the ground field. For instance, consider the following: Example 2.10. Let F be an algebraically closed field and let E = F(t, t 1 2 , t 1 4 , . . .) be the extension of the field F(t) of rational functions in the variable t obtained by adjoining all the 2-power roots of t. Consider the automorphism α : E −→ E, f (t) → f (t 2 ) and form the division algebra D = E((x; α)) of skew Laurent series (for details, see e.g., Section 2.3 of [4] ). Obviously, D is left perfect. Now, let K = F((x; α)). Then K is a maximal subfield of D and, clearly, the algebra D is not algebraic over K. Moreover, as F is algebraically closed, K is a transcendental field extension of F. Therefore, Theorem 2.4 of [10] assures that J (D ⊗ F K) = 0. Finally, by Exercise 6 in Section IX.6 of [8] , we see that D ⊗ F K is not left Artinian and, indeed, not semiperfect.
We remark that the analogue of the aforementioned result of Goursaud for restricted Lie algebras fails without the perfectness assumption on the field. We show as follows that the restriction on the ground field is required. For simplicity, we construct our example over a field F of characteristic 2 but this example could be extended to any positive characteristic. In the following we denote by K the field of rational functions in infinitely many indeterminates t 1 , t 2 , . . . over F, that is, K = F(t 1 , t 2 , · · · ).
Theorem 2.11. There exists an infinite-dimensional abelian restricted Lie algebra
Proof. Let L be the abelian restricted Lie algebra over K with basis x, y 1 , y 2 , . . . and power mapping defined by x [2] 
Hence, α 2 + β 2 i t i = 0. It is easy to deduce that α = β i = 0 for all i. Hence, z = 0 and O p (L) = 0. We denote byū the image of an element u modulo J (u(L)). Note that L is locally finite-dimensional. Hence, to show that u(L) is semiperfect, by the second part of Proposition 2.5 it is enough to prove thatR = u(L)/J (u(L)) is Artinian. For this, we will first show that u(L)/J (u(L)) satisfies the descending chain condition on principal ideals by proceeding in the following steps.
. Then 1 − uv is nilpotent. Thus, uv is invertible which implies that u is invertible. 
The converse follows from the fact that x(x + 1) = 0.
for some β and γ i 1 ,...,in ∈ K. Put
We observe that
We may assume thatv is not invertible. We show that there exists w ∈ u(L) such that u 1 − u 1 vw is nilpotent. Note that (y i (x − 1)) 2 = 0, for every y i . It follows that ω(L)(x − 1)⊆J (u(L)). In particular, by the PBW Theorem, every element u ∈ u(L) can be written in the form
Thus, for large r, we have
We deduce that u 2 r = a + bx, where a ∈ K 2 r and b ∈ K 2 r (t 2 (r−1) 
Perfectness
In this section, we characterize left perfect restricted enveloping algebras u(L). As the antipode of any cocommutative Hopf algebra is an involution, left and right perfectness are, in fact, equivalent conditions for u(L). Proof. Let R = u(L). Suppose, by contradiction, that L is not finitely generated and let x 1 , x 2 , . . . ∈ L so that x k+1 / ∈ x 1 , . . . , x k p . Now consider the principal right ideals
Since, according to Bass' Theorem (see [1] , Theorem P), R satisfies the descending chain condition on principal right ideals, there exists an integer i such that
Therefore one has
for some v ∈ u(L). Let H be the restricted subalgebra of L generated by x 1 , . . . , x i . We extend x 1 , . . . , x i to a basis X of H and extend
where the u i 's are distinct PBW monomials in the elements of Y . Now, we observe that Equation (3.1) is not possible because some monomials in the PBW representation of x i+1 v involve x i+1 and this contradicts u(L) being a free u(H)-module. Hence, L must be finitely generated. ✷ 
where the elements u k are distinct PBW monomials in the elements of Y . Let h ∈ u(H) and let I = hu(H) be the right ideal of u(H) generated by h. Then (3.2) implies that
is a principal right ideal of u(L). As a consequence, every descending chain {I k } k of principal right ideals of u(H) gives rise to a descending chain of principal right ideals of u(L) which must stabilize, as u(L) is left perfect. Therefore, by (3.2), the chain {I k } k stabilizes, which finishes the proof. ✷ For a restricted Lie algebra L, we define
Then ∆(L) is clearly a restricted ideal of L which is the Lie algebra analogue of the FC-center of a group.
Proof. Let x 1 , . . . , x n ∈ L and let H be the (ordinary) subalgebra of L generated by these elements. 
is left perfect, as well. Hence, we can replace L by L/∆(L). By [18, Lemma 2.7(i)], we have that ∆(L/∆(L)) = 0. Therefore we can assume that ∆(L) = 0. Now, Lemma 3.4 entails that u(L) is semiprime and, by Bass' Theorem (see [1] , Theorem P), u(L) satisfies the descending chain condition on principal right ideals. But then, by Theorem 10.24 in [11] , u(L) is right Artinian. Since, by [12] , right Artinian Hopf algebras are finite-dimensional, we conclude that L is finite-dimensional. This completes the proof. ✷ Some immediate consequences of Theorem 3.5 are now in order. As the category of (left) u(L)-modules is equivalent to the category of restricted (left) L-modules, a combination of Theorem 3.5 and Theorem 24.25 in [11] yields the following: Corollary 3.6. Let L be a restricted Lie algebra. The following conditions are equivalent:
(1) every restricted flat L-module is projective; (2) L is finite-dimensional.
Let R be a ring and θ : G → Aut(R) be a group homomorphism. Then J.K. Park in [15] proved that the smash product R#FG is left perfect if and only if R is left perfect and G is finite. In particular, in view of Theorem 3.5, if R = u(L) for a restricted Lie algebra L, we deduce the following: Note also that Theorem 3.5 generalizes Corollary 6.6 in [2] . Finally, the celebrated structure theorem of Cartier-Kostant-Milnor-Moore (see e.g. [13, §5.6] ) implies that every cocommutative Hopf algebra over an algebraically closed field of characteristic zero can be presented as a smash product of a group algebra and an enveloping algebra. So, Corollary 2.3 along with Park's result in [15] 
